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Abstract
We consider some initial-boundary value problems for the linear and nonlinear heat equation
where the gradient of the solution is prescribed on the boundary. Assuming that a solution exists,
we obtain bounds for the solution and its gradient by maximum principle arguments or by means of
differential and integral inequalities.
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1. Introduction
The classical boundary conditions in partial differential equations are the Dirichlet,
Neumann, and Robin conditions. Recently, the nonstandard requirement that the gradient
of the solution be prescribed on the boundary of the domain has received much attention,
often in the context of overdetermined boundary value problems for elliptic partial dif-
ferential equations (see, e.g., [2,3,5–7,9,11,12,14] and references therein). For some other
nonstandard auxiliary conditions, see [13] and [1], where, in particular, for a hyperbolic or
parabolic equation, a combination of the values of the solution at the initial time and a later
time is prescribed.
In this paper we consider some initial-boundary value problems for the linear and non-
linear heat equation which involve the prescription of the gradient on the boundary. We use
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homogeneous heat equation in Section 2. Some of these results can be extended to more
general parabolic equations. Of course, a solution may not exist or there may be more than
one solution, but in this paper we shall assume that the value of the gradient on the bound-
ary is such that a solution exists. In Section 3, we derive L2 bounds for the solution and
its gradient as a result of a trace inequality which is made explicit, for instance, when the
spatial domain is star shaped. In a final section, we consider a more general nonstandard
boundary condition as well as a class of nonlinear heat equations and obtain bounds by
means of some appropriate differential inequalities.
2. Basic results
Let Ω be a bounded smooth domain in RN and let x = (x1, . . . , xN). We basically
consider the initial-boundary value problem
∂u
∂t
−∆u= 0 in Ω × (0,∞),
u,iu,i = g(x, t) on ∂Ω × [0,∞),
u(x,0)= f (x) in Ω, (2.1)
where ∆ is the N -dimensional Laplace operator, the comma denotes partial differentiation
with respect to xi , and the repeated index indicates summation from 1 to N . We assume
g ≡ 0 and that a classical solution exists. For compatibility reasons, we also ask that
f,if,i (x)= g(x,0), x ∈ ∂Ω.
In order to obtain pointwise bounds for the solution of (2.1), we take v to be the solution
of the related initial-boundary value problem
∂v
∂t
−∆v = 0 in Ω × (0,∞),
∂v
∂n
=√g(x, t) on ∂Ω × (0,∞),
v(x,0)= f (x) in Ω, (2.2)
where ∂/∂n denotes the outward normal derivative operator. Then the difference v − u
satisfies
∂
∂t
(v − u)−∆(v − u)= 0 in Ω × (0,∞),
∂
∂n
(v − u) 0 on ∂Ω × (0,∞),
v(x,0)− u(x,0)= 0 in Ω, (2.3)
and by the parabolic maximum principle [4,8] and the boundary condition in (2.3), it fol-
lows that v− u takes its minimum initially. Thus, we have
u(x, t) v(x, t) in Ω¯ × [0,∞).
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∂w
∂t
−∆w = 0 in Ω × (0,∞),
∂w
∂n
=−√g(x, t) on ∂Ω × (0,∞),
w(x,0)= f (x) in Ω, (2.4)
then the difference u−w takes its minimum at t = 0 and we conclude that
w(x, t) u(x, t) in Ω¯ × [0,∞).
Thus, we have the following comparison theorem.
Theorem 1. If u, v, and w are solutions of (2.1), (2.2), and (2.4), respectively, then
w(x, t) u(x, t) v(x, t) in Ω¯ × [0,∞). (2.5)
Obviously, Theorem 1 holds for more general linear parabolic equations than the heat
equation. However, although comparison theorems sometimes imply uniqueness, we note
that, in general, there is not a unique solution for problem (2.1) since both u and −u are
solutions if f (x)= 0.
We again consider problem (2.1) and let
V = u,iu,i .
A simple computation shows that V satisfies
∂V
∂t
−∆V  0 in Ω × (0,∞),
V = g(x, t) on ∂Ω × [0,∞),
V (x,0)= f,if,i (x) in Ω. (2.6)
Consequently, by the maximum principle, V takes its maximum either on the boundary or
initially. Moreover, if W is the solution of the problem
∂W
∂t
−∆W = 0 in Ω × (0,∞),
W = g(x, t) on ∂Ω × [0,∞),
W(x,0)= f,if,i (x) in Ω, (2.7)
we have by the maximum principle that V −W  0. Thus, we obtain the following point-
wise and a priori bounds for the gradient of the solution u of problem (2.1).
Theorem 2. If u is a solution of (2.1) and W is a solution of (2.7), then
u,iu,i W(x, t) in Ω¯ × [0,∞) (2.8)
and
u,iu,i max
{
gM, (f,if,i )M
}
in Ω¯ × [0, T ], (2.9)
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gM = max
∂Ω×[0,T ]
g(x, t), (f,if,i )M =max
Ω¯
f,if,i . (2.10)
We note that both Theorems 1 and 2 hold if the boundary condition in (2.1) is prescribed
as u,iu,i  g(x, t).
We now indicate how it is possible to obtain an explicit bound for the function W in
(2.7) and thus provide an explicit bound for the gradient of u in problem (2.1).
Let P be a function of the form
P(x, t)=K(t + t0)−N/2 exp
[
− xixi
4(t + t0)
]
, (2.11)
where t0 is some positive constant and K is a constant to be determined. Clearly, P satisfies
∂P
∂t
−∆P = 0 in Ω × (0, T ),
P (x, t)=K(t + t0)−N/2 exp
[
− xixi
4(t + t0)
]
on ∂Ω × [0, T ],
P (x,0)=Kt−N/20 exp
[
−xixi
4t0
]
in Ω.
We now choose K such that
K(t + t0)−N/2 exp
[
− xixi
4(t + t0)
]
 g(x, t) on ∂Ω × [0, T ],
Kt
−N/2
0 exp
[
−xixi
4t0
]
 f,if,i (x) in Ω × {0}.
Then it follows that
u,iu,i W(x, t) P(x, t)=K(t + t0)−N/2 exp
[
− xixi
4(t + t0)
]
in Ω × [0, T ], (2.12)
where
K =max{Q1,Q2},
Q1 = max
∂Ω×[0,T ]
{
(t + t0)N/2 exp
[
xixi
4(t + t0)
]
g(x, t)
}
,
Q2 =max
Ω¯
{
t
N/2
0 exp
[
xixi
4t0
]
f,if,i (x)
}
.
The restriction to [0, T ] in (2.12) may be removed if the datum g decays in an appropriate
manner.
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In this section we derive L2 bounds for the solution u and its gradient in problem (2.1)
or, more generally, where u,iu,i  g on ∂Ω × [0,∞). We let
u¯(t)= 1|Ω |
∫
Ω
u(x, t) dx, |Ω | = volumeΩ,
denote the mean value of u for t  0 and define
U(x, t)= u(x, t)− u¯(t).
Similarly, we define
F(x)= f (x)− f¯
for f¯ the mean value of f over Ω .
We note that by the heat equation and Green’s identity, we can write
t∫
0
∫
Ω
∂
∂t
U2 dx dη= 2
t∫
0
∫
Ω
(u− u¯)∆(u− u¯) dx dη− 2
t∫
0
∫
Ω
(u− u¯) ∂u¯
∂t
dx dη
= 2
t∫
0
∫
∂Ω
(u− u¯) ∂u
∂n
ds dη− 2
t∫
0
∫
Ω
u,iu,i dx dη
since ∫
Ω
(u− u¯) dx = 0.
It follows that
1
2
∫
Ω
U2 dx +
t∫
0
∫
Ω
u,iu,i dx dη= 12
∫
Ω
F 2 dx +
t∫
0
∫
∂Ω
(u− u¯) ∂u
∂n
ds dη. (3.1)
We now use the Schwarz inequality to write
1
2
∫
Ω
U2 dx +
t∫
0
∫
Ω
u,iu,i dx dη
 1
2
∫
Ω
F 2 dx +
( t∫
0
∫
∂Ω
U2 ds dη
t∫
0
∫
∂Ω
(
∂u
∂n
)2
ds dη
)1/2
and observe that U satisfies the trace inequality∫
U2 ds  k1
∫
U2 dx + k2
∫
U,iU,i dx 
(
k1
µ
+ k2
)∫
U,iU,i dx (3.2)∂Ω Ω Ω Ω
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problem,
∆ϕ +µϕ = 0 in Ω, ∂ϕ
∂n
= 0 on ∂Ω. (3.3)
We then have
1
2
∫
Ω
U2 dx +
t∫
0
∫
Ω
u,iu,i dx dη
 1
2
∫
Ω
F 2 dx +
(
k1
µ
+ k2
)1/2( t∫
0
∫
Ω
u,iu,i dx dη
t∫
0
∫
∂Ω
g ds dη
)1/2
and by the arithmetic mean-geometric mean inequality that
1
2
∫
Ω
U2 dx + (1− α)
t∫
0
∫
Ω
u,iu,i dx dη
 1
2
∫
Ω
F 2 dx + 1
4α
(
k1
µ
+ k2
) t∫
0
∫
∂Ω
g ds dη.
Choosing α = 1/2, we have
∫
Ω
(u− u¯)2 dx +
t∫
0
∫
Ω
u,iu,i dx dη

∫
Ω
(f − f¯ )2 dx +
(
k1
µ
+ k2
) t∫
0
∫
∂Ω
g ds dη, (3.4)
from which an L2 bound over space and time for the gradient of u follows. Further since
t∫
0
∫
Ω
(u− u¯)2 dx dη 1
µ
t∫
0
∫
Ω
u,iu,i dx dη, (3.5)
we can obtain an L2 bound for u− u¯.
In order to obtain an L2 bound over Ω for u, we note that∫
Ω
u2 dx =
∫
Ω
(u− u¯)2 dx + 1|Ω |
(∫
Ω
udx
)2
. (3.6)
Now using the heat equation, we have∣∣∣∣∣
∫
udx
∣∣∣∣∣=
∣∣∣∣∣
∫
f dx +
t∫ ∫ (
∂u
∂n
)
ds dη
∣∣∣∣∣
∣∣∣∣∣
∫
f dx
∣∣∣∣∣+
t∫ ∫
g1/2 ds dη,Ω Ω 0 ∂Ω Ω 0 ∂Ω
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Ω
udx
)2

[∣∣∣∣∣
∫
Ω
f dx
∣∣∣∣∣+
t∫
0
∫
∂Ω
g1/2 ds dη
]2
. (3.7)
It follows from (3.4)–(3.7) that
t∫
0
∫
Ω
u2 dx dη 1
µ
[∫
Ω
(f − f¯ )2 dx +
(
k1
µ
+ k2
) t∫
0
∫
∂Ω
g ds dη
]
+ |Ω |f¯ 2t + 2f¯
t∫
0
η∫
0
∫
∂Ω
g1/2 ds dζ dη
+ 1|Ω |
t∫
0
[ η∫
0
∫
∂Ω
g1/2 ds dζ
]2
dη.
We collect the above bounds in the following theorem.
Theorem 3. If u is a solution of (2.1), then
t∫
0
∫
Ω
u2 dx dη 1
µ
[∫
Ω
(f − f¯ )2 dx +
(
k1
µ
+ k2
) t∫
0
∫
∂Ω
g ds dη
]
+ |Ω |f¯ 2t + 2f¯
t∫
0
η∫
0
∫
∂Ω
g1/2 ds dζ dη
+ 1|Ω |
t∫
0
[ η∫
0
∫
∂Ω
g1/2 ds dζ
]2
dη, (3.8)
t∫
0
∫
Ω
(u− u¯)2 dx dη 1
µ
[∫
Ω
(f − f¯ )2 dx +
(
k1
µ
+ k2
) t∫
0
∫
∂Ω
g ds dη
]
, (3.9)
t∫
0
∫
Ω
u,iu,i dx dη
∫
Ω
(f − f¯ )2 dx +
(
k1
µ
+ k2
) t∫
0
∫
∂Ω
g ds dη, (3.10)
where µ is the first positive eigenvalue of (3.3) and k1 and k2 are given in (3.2).
In the case that Ω is a strongly star-shaped region, we can derive the trace inequality
and find explicit constants k1 and k2. From (3.1), and the weighted Schwarz inequality, we
have
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2
∫
Ω
U2 dx +
t∫
0
∫
Ω
u,iu,i dx
 1
2
∫
Ω
F 2 dx +
( t∫
0
∫
∂Ω
hU2 ds dη
t∫
0
∫
∂Ω
g
h
ds dη
)1/2
, (3.11)
where
h= xini  ρ > 0 on ∂Ω,
for ni the ith component of the unit outer normal vector. Now we note that
t∫
0
∫
∂Ω
xini(u− u¯)2 ds dη
=N
t∫
0
∫
Ω
(u− u¯)2 dx dη+ 2
t∫
0
∫
Ω
xi(u− u¯)u,i dx dη

(
N + d
2
α
) t∫
0
∫
Ω
(u− u¯)2 dx dη+ α
t∫
0
∫
Ω
u,iu,idx dη, (3.12)
where d2 = (xixi)M in Ω¯ , the origin being taken at a point with respect to which the
domain is star-shaped, and α is a positive constant. This leads to the trace inequality
t∫
0
∫
∂Ω
(u− u¯)2 ds dη k1
t∫
0
∫
Ω
(u− u¯)2 dx dη+ k2
t∫
0
∫
Ω
u,iu,i dx dη, (3.13)
where k1 = ρ−1(N + d2/α) and k2 = ρ−1α.
Moreover, from (3.11), (3.12), and (3.5), we have
1
2
∫
Ω
(u− u¯)2 dx +
{
1−
[
β
2µ
(
N + d
2
α
)
+ βα
2
]} t∫
0
∫
Ω
u,iu,i dx dη
 1
2
∫
Ω
(f − f¯ )2 dx + 1
2β
t∫
0
∫
∂Ω
g
h
ds dη (3.14)
for β a positive constant. If α and β are chosen to make the brace in (3.14) positive, we are
led to an explicit bound for
t∫ ∫
u,iu,i dx dη,0 Ω
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obtain an estimate which leads to explicit bounds for
t∫
0
∫
Ω
(u− u¯)2 dx dη and
t∫
0
∫
Ω
u2 dx dη
as done previously.
Finally, we remark that in (3.8), we can bound( t∫
0
∫
∂Ω
g1/2 ds dη
)2
 |∂Ω |t
t∫
0
∫
∂Ω
g ds dη.
4. Some extensions
In this section we indicate some ways in which the results of the previous sections can
be extended.
First, we impose a more general nonstandard boundary condition than in problem (2.1)
and determine an a priori bound on the solution (assumed to exist) and its gradient. Here
we consider the problem
∂u
∂t
−∆u= 0 in Ω × (0,∞),
u,iu,i + au2 = g(x, t) on ∂Ω × [0,∞),
u(x,0)= f (x) in Ω, (4.1)
where a is a positive constant.
We define the function
Φ = [u,iu,i + au2]e2at
and note that Φ satisfies the differential inequality (see [10])
∆Φ − HkΦ,k
u,iu,i
−Φt  0,
where
Hk = 12e2at Φ,k − 2auu,k.
Consequently, Φ takes its maximum value on the boundary, initially, or at an interior point
of Ω × (0,∞) at which u,iu,i = 0. This implies that
u,iu,i + au2 max
{
a[u2e2at ]M, [ge2at ]M, [f,if,i + af 2]M
}
e−2at , (4.2)
where the maxima are taken over the appropriate regions (see (2.10)). However, since u2
satisfies a parabolic maximum principle,
au2M max
{
gM, af
2
M
}
,
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u,iu,i + au2 max
{
gM, af
2
M, [f,if,i + af 2]Me−2at
}
. (4.3)
We now consider a class of nonlinear heat equations and return to the basic nonstandard
boundary condition of problem (2.1) in problems of the form
∂u
∂t
−∆u= F(u,q2) in Ω × (0,∞),
u,iu,i = g(x, t) on ∂Ω × [0,∞),
u(x,0)= f (x) in Ω, (4.4)
where q2 = u,iu,i . We assume a solution to (4.4) exists when F satisfies
∂F
∂q2
bounded,
∂F
∂u
 k (constant), (4.5)
and determine an a priori bound for the gradient of the solution. This follows since
∆q2 + 2 ∂F
∂q2
u,iq
2
,i −
∂q2
∂t
−2kq2
or
∆(q2e−2kt )+ 2 ∂F
∂q2
u,i(q
2e−2kt ),i − ∂
∂t
(q2e−2kt ) 0,
which implies that
q2e−2kt max
{[ge−2kt ]M, [f,if,i ]M},
that is,
u,iu,i max
{
(ge−2kt )M, (f,if,i )M
}
e2kt . (4.6)
Obviously, when k = 0, we have more simply
u,iu,i max
{
gM, (f,if,i )M
} (4.7)
and note that special cases occur when F is void in one of its arguments.
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